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ABSTRACT
We study the algebraic aspects of (small) quantum equivariant K-theory of flag manifold. Lascoux-
Schu¨tzenberger’s type formula for quantum double and quantum double dual Grothendieck polynomials
and the quantum Cauchy identity for quantum Grothendieck polynomials are obtained.
§1. Introduction.
There exists a remarkable hierarchy of polynomials related with the generalized coho-
mology theories of the flag manifold:
• double and double dual Grothendieck polynomials G
(β)
w (x, y) and H
(β)
w (x, y), corre-
sponding to the equivariant K-theory;
• double Schubert polynomials Sw(x, y) = G
(β)
w (x, y)|β=0, corresponding to the equiv-
ariant cohomology theory;
• Schubert polynomials Sw(x) = Sw(x, y)|y=0, corresponding to the singular cohomol-
ogy theory.
The Grothendieck polynomials, which are theK-theoretic analog of Schubert polynomi-
als, was introduced by Alexander Grothendieck in his study of the general Riemann-Roch
Theorem [G]. Algebraic definition and fundamental properties of Grothendieck and Schu-
bert polynomials were introduced and developed in series of Alain Lascoux and Marcel-Paul
Schu¨tzenberger papers, see, for example, [LS], [L], for more references see [M].
The hierarchy, mentioned above, reflects the well-known fact, that the corresponding
generalized cohomology theories are the only ones which have a polynomial group low.
In this paper we continue the quantization of some interesting classes of polyno-
mial and introduce the quantum double, G˜w(x, y), and quantum double dual, H˜w(x, y),
Grothendieck polynomials and investigate their properties.
Quantum double Schubert polynomials, S˜w(x, y), were introduced and their properties
were studied in [KM].
Quantum Schubert polynomials, Sqw(x), were introduced and their properties were
studied in [FGP]. Another approach to quantum Schubert polynomials is considered in
[KM].
The structure of this paper is the following. In §2 some results on double Schubert and
double Grothendieck polynomials, quantum analogs of which we would like to construct,
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are collected. Probably, the formulae (5),(6),(7) was not appear in earlier publications. In
§3 we recall some results from [FGP], which will be used in §4. In §4 we introduce quan-
tum double and quantum double dual Grothendieck polynomials and prove the quantum
Cauchy identity.
Acknowledgement. I would like to thank Dr. T. Maeno for fruitful discussions and
collaboration.
§2. Classical Grothendieck polynomials.
In this section we give a brief review of the theory of Grothendieck and Schubert
polynomials created by A. Lascoux and M.P.-Schu¨tzenberger, see e.g. [L], [LS] and [M]. A
proof of Cauchy’s formula for Grothendieck polynomials can be found in [FK], and that of
Pieri’s rule for double Grothendieck polynomials can be obtained using the generalization
of method from [KV].
2.1. Divided and isobaric divided differencies.
Let x1, . . . xn and β be independent set of variables, and let Pn := Pn,β = Z[x1, . . . , xn, β]
for each n ≥ 1.
Let us denote by Λn := Λn,β = Z[β][x1, . . . , xn]
Sn ⊂ Pn the subring of symmetric
polynomials in x1, . . . , xn with polynomial coefficients and by
Hn := Hn,β =
 ∑
I=(i1,...,in)
aIx
I | aI ∈ Z[β], 0 ≤ ik ≤ n− k, ∀k

the additive subgroup of Pn spanned by all monomials aIx
I with aI ∈ Z[β] and I ⊂ δ :=
δn = (n− 1, n− 2, . . . , 1, 0).
For i ≤ i ≤ n− 1 let us define a Λn-linear operator ∂i acting on Pn
(∂if)(x) =
f(x1, . . . , xi, xi+1, . . . , xn)− f(x1, . . . , xi+1, xi, . . . , xn)
xi − xi+1
Divided difference operators ∂i satisfy the following relations
∂2i = 0,
∂i∂j = ∂j∂i, if |i− j| ≥ 2, (1)
∂i∂i+1∂i = ∂i+1∂i∂i+1,
and the Leibnitz rule
∂i(fg) = ∂i(f)g + si(f)∂i(g).
Let us also introduce the operators πi := π
+
i and π
−
i (1 ≤ i ≤ n− 1) defined by
(π±i f)(x) = (∂if)(x)± β∂i(xi+1f(x)).
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In place of (1) we have
(π±i )
2 = ±βπi,
πiπj = πjπi, if |i− j| ≥ 2,
πiπi+1πi = πi+1πiπi+1,
and the modified Leibnitz rule
πi(fg) = πi(f)g + si(f)(πi + β)(g),
It is clear that if f ∈ Λn, then (πi + β)(f) = 0, and πi(fg) = fπi(g).
For any permutation w ∈ Sn. let us denote by R(w) the set of reduced decompositions
for w, i.e. sequences (a1, . . . , ap) such that w = sa1 . . . sap , where p = l(w) is the length of
the permutation w ∈ Sn, and si = (i, i+ 1) is the simple transposition that interchanges i
and i+ 1.
For any sequence a = (a1, . . . , ap) of positive integers, we define
∂a = ∂a1 . . . ∂ap , πa = πa1 . . . πap .
Proposition 1 ([M], (2.5), (2.6), (2.15)). If a,b ∈ R(w), then ∂a = ∂b and πa = πb.
If a is not reduced, then ∂a = 0. It follows from Proposition 1, that the operators
∂w = ∂a and πw = πa are well-defined, where a is any reduced word for w.
2.2. Double Grothendieck and double dual Grothendieck polynomials.
Let x = (x1, . . . , xn), y = (y1, . . . , yn) be two sets of independent variables and
Gw0(x, y) :=
∏
i+j≤n
(xi + yi).
Definition 1 (Lascoux-Schu¨tzenberger [LS],[L], see also [FK]). For each permutation
w ∈ Sn the double Grothendieck polynomial Gw(x, y) and double dual Grothendieck poly-
nomial Hw(x, y) are defined to be
Gw(x, y) = πw−1w0Gw0(x, y),
Hw(x, y) = ψw−1w0Gw0(x, y),
where w0 is the longest element of Sn, and ψw :=
∑
v≤w
βl(w)−l(v)πv.
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Proposition 2 ([L], [LS]).
• (Stability) Let m > n and let i : Sn →֒ Sm be the embedding. Then
Gw(x, y) = Gi(w)(x, y).
• πw =
∑
v≤w(−β)
l(w)−l(v)ψv, and hence,
Hw(x, y) =
∑
w≤v
βl(v)−l(w)Gv(x, y)
Gw(x, y) =
∑
w≤v
(−β)l(v)−l(w)Hv(x, y).
• Grothendieck and dual Grothendieck polynomials Gw(x) := Gw(x, 0) and Hw(x) :=
Hw(x, 0) from the Z[β]-bases of Hn.
• (Cauchy formula, [FK])∑
w∈Sn
Hw(x,⊖z)Gww0(y, z) =
∏
i+j≤n
(xi + yi + βxiyi), (2)
where ⊖z :=
(
−z1
1− βz1
,
−z2
1− βz2
, . . . ,
−zn
1− βzn
)
.
• H
(β)
w (x, y) = G
(−β)
w−1
(y, x), w ∈ Sn.
Hence, (πww0)
(y)Gw0(x, y) = G
(−β)
w−1
(y, x) = H
(β)
w (x, y).
Examples. 1) Double Grothendieck and double dual Grothendieck polynomials for S3
G121(x, y) = (x1 + y1)(x1 + y2)(x2 + y1),
G12(x, y) = (x1 + y1)(x2 + y1)(1− βy2),
G21(x, y) = (x1 + y1)(x1 + y2)(1− βy1),
G1(x, y) = (x1 + y1)(1− βy1)(1− βy2),
G2(x, y) = (x1 + x2 + y1 + y2 + βx1x2 − βy1y2)(1− βy1),
Gid(x, y) = (1− βy1)
2(1− βy2);
H121(x, y) = G121(x, y),
H12(x, y) = (x1 + y1)(x2 + y1)(1 + βx1),
H21(x, y) = (x1 + y1)(x1 + y2)(1 + βx2),
H1(x, y) = (x1 + y1)(1 + βx1)(1 + βx2),
H2(x, y) = (x1 + x2 + y1 + y2 + βx1x2 − βy1y2)(1 + βx1),
Hid(x, y) = (1 + βx1)
2(1 + βx2).
2) Let w ∈ Sn be a dominant permutation with code c(w) = (c1 ≥ c2 ≥ · · · ≥ cn ≥ 0).
Then
Gw(x, y)
Gid(x, y)
=
n∏
k=1
ck∏
i=1
xk + yi
1− βyi
.
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2.3. Scalar product.
Let us define a scalar product on Pn.β with values in Λnβ , by the rule
〈〈f, g〉〉 = πw0(f, g), f, g ∈ Pn,β,
where w0 is the longest element in Sn. The scalar product 〈〈, 〉〉 defines a non-degenerate
pairing 〈〈, 〉〉0 on the quotient ring Pn,β/In,β , where In := In,β is the ideal in Pn,β generated
by the elementary symmetric polynomials e1(x), . . . , en(x).
Proposition 3.
• 〈〈πwf, g〉〉 = 〈〈f, πw−1g〉〉, f, g ∈ Pn,β.
• 〈〈f,Gw〉〉0 = η(πw0wf), where η : Pn,β → Z[β] is the homomorphism defined by
η(1) = 1, η(xi) = 0, 1 ≤ i ≤ n.
• (Interpolation formula) If f ∈ Hn, then
f(x)Gid(x,−y) =
∑
w∈Sn
Hw(x,−y)π
(y)
w f(y). (3)
• (Orthogonality, [LS], [L]) Let u, v ∈ Sn, then
〈〈Hu(x), Gv(x)〉〉0 =
{
1, if v = w0u,
0, otherwise
As for every w ∈ Sn, 〈〈Gw(x, y), 1〉〉 = πw0(Gw(x, y)) = (−β)
l(w0w)Gid(x, y), the fact
that
〈〈Hw(x, y), 1〉〉 =
{
Gid(x, y), if w = w0,
0, otherwise
generalizes the property of the Moebius function (for the Ehresman-Bruhat order on Sn)
to be equal to ±1, cf. [LS].
Remark. We have
Gid(x, y) =
n−1∏
k=1
(1− βyk)
n−k,
Hid(x, y) =
n−1∏
k=1
(1 + βxk)
n−k.
2.4. Pieri’s rule for Grothendieck polynomials.
Let us denote by (i, j) the transposition that interchanges i and j, i < j
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Proposition 5 ([FL]).
Gsk(x) ·Gw(x) ≡
∑
v
βl(v)−l(w)−1Gv(x) mod In, (4)
where sum runs over v ∈ Sn, such that
i) v = w · (i1, j1) . . . (im+1, jm+1),
ii) il ≤ k < jl for all l = 1, 2, . . . , m+ 1,
iii) l(v) = l(w) +m+ 1.
More generally, consider the ring
Pn,β [y] := Z[β][x1, . . . , xn, y1, . . . , yn]
and the ideal Jn := Jn,β in Rn,β[y] generated by the following polynomials
ei(x) + (−1)
i−1ei(y), i = 1, . . . , n.
Proposition 6 (Pieri’s rule for double Grothendieck polynomials).
Gsk(x, yw) ·Gw(x, y) ≡ Gid(x, yw)
[∑
v
βl(v)−l(w)−1Gv(x, y)
]
mod Jn, (5)
where yw = (yw(1), . . . , yw(n)), and the sum runs over the same set of permutations v ∈ Sn
as in Proposition 5.
2.5. Canonical involution ω.
There exists an involution ω of the ring Pn,β[y] given by ω(x) =
←
x , ω(y) =
←
y , where
for any sequence z = (z1, . . . , zm) we define
←
z to be equal to (zm, zm−1, . . . , z2, z1). It is
clear that involution w preserves the ideals In and Jn.
Proposition 7. Let v be a permutation, then
ω(Gv(x, y))Hid(x, y) ≡ (−1)
l(v)Hw0vw0(x, y)ω(Gid(x, y)) mod Jn,β . (6)
Remark. Let GLSw (A,B) be the double Grothendieck polynomials introduced by
A. Lascoux and M.P.-Schu¨tzenberger in [L], (2.1). Then
GLSw (1− βy, 1 + βx) = (−1)
l(w)Gw−1(x, y)
Gid(x, y)
.
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2.6. Double Schubert polynomials.
Let us remind the definition of double Schubert polynomials due to A. Lascoux and
M.P.-Schu¨tzenberger.
Definition 2 (A. Lascoux– M.P.-Schu¨tzenberger). For each permutation w ∈ Sn, the
double Schubert polynomial Sw(x, y) is defined to be
Sw(x, y) = ∂
(x)
w−1w0
Sw0(x, y),
where divided difference operator ∂
(x)
w−1w0
acts on the x variables, and
Sw0(x, y) = Gw0(x, y) =
∏
i+j≤n
(xi + yj).
It follows from Definition 1 and 2 that
Gw(x, y)|β=0 = Hw(x, y)|β=0 = Sw(x, y).
Double Schubert polynomials appear in algebra and geometry as cohomology classes
related to degeneracy loci of flagged vector bundles. If h : E → F is a map of rank n
vector bundles on a smooth variety X ,
E1 ⊂ E2 ⊂ · · · ⊂ En = E, F := Fn → Fn−1 → · · · → F1
are flags of subbundles and quotient bundles, then there is a degeneracy locus Ωw(h) for
each permutation w in the symmetric group Sn, described by the conditions
Ωw(h) = {x ∈ X | rank(Ep(x)→ Fq(x)) ≤ #{i ≤ q, wi ≤ p}, ∀p, q}.
For generic h, Ωw(h) is irreducible, codimΩw(h) = l(w), and the class [Ωw(h)] of this locus
in the Chow ring of X is equal to the double Schubert polynomial Sw0w(x,−y), where
xi = c1(ker(Fi → Fi−1)),
yi = c1(Ei/Ei−1), 1 ≤ i ≤ n.
It is well-known [F1] that the Chow ring of flag variety Fln admits the following description
CH∗(Fln) ∼= Z[x1, . . . , xn, y1, . . . , yn]/J,
where J is the ideal generated by
ei(x1, . . . , xn)− ei(y1, . . . , yn), 1 ≤ i ≤ n,
and ei(x) is the i-th elementary symmetric function in the variables x1, . . . , xn.
Result below describes the structure of quotiont ring Z[x, y]/J .
Proposition ([LS], [KV]). The ring Z[x1, . . . , xn, y1, . . . , yn]/Jn is a free module of
dimension n! over the ring R, with basis either Sw(x), or Sw(x, y), w ∈ Sn, where
R :=
Z[x1, . . . , xn]⊗ Sym[y1, . . . , yn]
J
.
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2.7. Chern classes.
Let us denote by 1+P+n the multiplicative monoid of polynomials in two sets of variables
x = (x1, . . . , xn) and y = (y1, . . . , yn) with rational coefficients and constant term 1. There
exists a homomorphism (the Chern homomorphism)
c : Z[x±1, y±1]→ 1 + P+n
such that c(1) = 1, c(A + B) = c(A)c(B), A,B ∈ Z[x±, y±]. On the basis xIyJ , I ∈ Zn,
J ∈ Zn, it takes the values
c(xIyJ) = 1 +
n∑
k=1
ikxk −
n∑
k=1
jkyk.
Proposition 8 (cf. [LS], §5). Let us assume that β = −1. Then
• c(y−δGv(1− x, y − 1)) ≡ 1−
∑
v≤w
avwSw(x, y) mod Jn, (7)
• c(x−δHv(1− x, y − 1)) ≡ 1−
∑
v≤w
bvwSw(x, y) mod Jn,
where avv = bvv = (−1)
l(v)(l(v)− 1)!.
§3. Quantization map.
In this section we describe a remarkable construction of quantization map, which is due
to S. Fomin, S. Gelfand and A. Postnikov [FGP], see also [KM], where some additional
properties of quantization map are given. In [KM] the quantization map was constructed
using the Interpolation formula, [M], (6.8), by replacing the classical double Schubert
polynomials by their quantum analogs. Let us remind a construction from [FGP] in the
form most convenient for our purposes. The starting point is a remarkable family of
commuting operators
Xj := X
(n)
j = xj −
∑
i<j
qij∂(ij) +
∑
j<k
qjk∂(jk), 1 ≤ j ≤ n,
where (for i < j) ∂(ij) = ∂tij = ∂i∂i+1 . . . ∂j−1 . . . ∂i+1∂i is the divided difference operator
corresponding to the transposition tij , and qij = qiqi+1 . . . qj−1. It is clear that Xi : Pn →
Pn, but the following property is less obvious.
Proposition ([FGP], Theorem 3.1). The operators Xj commute pairwise.
Another useful property of operators Xi is the following.
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Lemma ([FGP], Lemma 3.3). For any polynomial f ∈ Pn, there exists a unique
operator F ∈ Z[q1, . . . , qn−1][X1, . . . , Xn] such that
F (X1, . . . , Xn)(1) = f(x1, . . . , xn).
The map f 7→ F : Pn → Pn is called the quantization map, [FGP], Section 3. Proposi-
tion below describes one of the main property of quantization map.
Proposition ([FGP], (5.1)). Let S˜w(x) be the quantum Schubert polynomial corre-
sponding to a permutation w ∈ Sn. Then
S˜w(X1, . . . , Xn)(1) = Sw(x1, x2, . . . , xn). (9)
The relation (9) is very useful and allows to reduce the proofs of statements about
quantum Schubert polynomials to those about classical ones, see e.g. [FGP], proof of
Theorem 7.8. However, it seems rather difficult to find an explicit (e.g. of Lascoux-
Schu¨tzenberger’s type) formula for a quantum Schubert polynomial S˜w(x) using only the
relation (9). So we came to the problem how to describe effectively the quantization map.
To solve this problem, in the paper [FGP], Section 4, the basis of standard elementary
monomials are used. However, this basis does not give an orthogonal basis with respect to
the canonical pairing on the ring of polynomials Z[x1, . . . , xn], see e.g. [LS]; [M], (5.2). In
the paper [KM] we gave another approach to the quantization problem which is based on
the theory of quantum double Schubert polynomials and quantum Cauchy’s identity. Our
main observations are:
i) with respect to the y variables, the quantum double Schubert polynomials have a
structure which is very similar to that in the classical case;
ii) the quantum Cauchy identity, in essential, is equivalent to the orthogonality of
quantum Schubert polynomials with respect to quantum pairing, see [KM], (2.5).
Quantum double Schubert polynomials S˜w(x, y), were defined in [KM] by using the
Lascoux-Schu¨tzenberger type construction. Namely, by Definition 6, [KM],
S˜w(x, y) = ∂
(y)
w−1w0
S˜w0(x, y),
where
S˜w0(x, y) = ∆1(yn−1|x1)∆2(yn−1|x1, x2) . . .∆n−1(y1|x1, . . . , xn−1)
and ∆k(t|x1, . . . , xk) is the Givental-Kim determinant [GK]:
∆k(t|x) := det

x1 + t q1 0 . . . . . . . . . 0
−1 x2 + t q2 0 . . . . . . 0
0 −1 x3 + t q3 0 . . . 0
...
. . .
. . .
. . .
. . .
. . .
...
0 . . . 0 −1 xk−2 + t qk−2 0
0 . . . . . . 0 −1 xk−1 + t qk−1
0 . . . . . . . . . 0 −1 xk + t

(2)
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=
k∑
i=1
tk−ie˜i(x1, . . . , xk | q1, . . . , qk−1).
The polynomials e˜i(x) := e˜i(x1, . . . , xk | q1, . . . , qk−1 are called the quantum elementary
symmetric polynomials degree i in the variables x1, . . . , xk.
The main goal of this paper is to apply the results from [FGP] in the context of [KM].
In sequel, we will use the notations from [KM]; e.g. we denote by f˜ the quantization of
polynomial f .
The following result will be used in §4.
Theorem 1. Let w0 be the longest element in Sn, then
S˜w0(X1, . . . , Xn, y1, . . . , yn)(1) = Sw0(x, y).
Proof. We use two facts from [FGP], Corollary 4.6 and Proposition 4.10:
• e˜i(X1, . . . , Xn)(1) = ei(x1, . . . , xn),
• f˜ g = f g˜, if f ∈ Λn.
Thus, we have ∆n−1(y1 | X1, . . . , Xn−1)(1) =
=
∑
k
yn−1−k1 e˜k(X1, . . . , Xn−1)(1) =
∑
k
yn−1−k1 ek(x1, . . . xn−1) =
n−1∏
k=1
(y1 + xk).
Hence,
S˜w0(X1, . . . , Xn−1, y1, . . . , yn−1)(1) = ∆1(yn−1 | X
(n)
1 ) · · ·∆n−1(y1 | X
(n)
1 , . . . , X
(n)
n−1)(1)
= ∆1(yn−1 | X
(n−1)
1 ) · · ·∆n−2(y2 | X
(n−1)
1 , . . . , X
(n−1)
n−2 )(1)
n−1∏
k=1
(y1 + xk) =
n−1∏
i=1
n−i∏
k=1
(yi + xk).
§4. Quantum double and quantum double dual Grothendieck polynomials.
Let x = (x1, . . . , xn), y = (y1, . . . , yn) be two sets of variables, and (cf. [KM])
S˜w0(x, y) := S˜
(q)
w0
(x, y) =
n−1∏
i=1
∆i(yn−i | x1, . . . , xi),
where ∆k(t|x1, . . . , xk) :=
∑k
j=0 t
k−jej(x1, . . . , xk | q1, . . . , qk−1) is the Givental-Kim de-
terminant (2), which is generating function for the quantum elementary symmetric func-
tions in the variables x1, . . . , xk.
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Definition 3. For each permutation w ∈ Sn, the quantum double dual Grothendieck
polynomial H˜w(x, y) is defined to be
H˜w(x, y) = (π
−
ww0
)(y)S˜w0(x, y).
Here symbol (π−ww0)
(y) means that isobaric operator π−ww0 acts on the y variables.
Corollary 1 (of Theorem 1). for each permutation w ∈ Sn,
S˜w(X, y)(1) = Sw(x, y), (10)
H˜w(X, y)(1) = Hw(x, y).
Remarks. 1) In the “classical limit” q1 = · · · = qn−1 = 0,
H˜w(x, y)|q=0 = (π
−
ww0
)(y)Gw0(x, y) = G
(−β)
w−1
(y, x) = H(β)w (x, y),
i.e. Hw(x, y)|q=0 = H
(β)
w (x, y).
2) (Stability) Let m > n and let i : Sn →֒ Sm be the embedding. Then
H˜w(x, y) = H˜i(w)(x, y).
Let us define the quantum dual Grothendieck polynomial H˜w(x) as the specialization
H˜w(x) := H˜w(x, y)|y=0.
Definition 4. For each permutation w ∈ Sn, the quantum double Grothendieck poly-
nomial G˜w(x, y) is defined to be
G˜w(x, y) =
∑
w≤v
(−β)l(v)−l(w)H˜w(x, y).
Let us define the quantum Grothendieck polynomials G˜w(x) as the specialization
G˜w(x) := G˜w(x, y)|y=0.
Example. Quantum double and quantum double dual Grothendieck polynomials for
S3.
G˜121(x, y) = (x1 + y1)(x1 + y2)(x2 + y1) + q1(x1 + y2)
G˜12(x, y) = [(x1 + y1)(x2 + y1) + q1](1− βy2),
G˜21(x, y) = [(x1 + y1)(x1 + y2)− q1](1− βy1),
G˜1(x, y) = (x1 + y1)[(1− βy1)(1− βy2) + q1β
2],
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G˜2(x, y) = (x1 + x2 + y1 + y2 − βy1y2 + βx1x2 + βq1)(1− βy1),
G˜id(x, y) = (1− βy1)[(1− βy1)(1− βy2) + q1β
2];
H˜121(x, y) = G˜121(x, y),
H˜12(x, y) = [(x1 + y1)(x2 + y1) + q1](1 + βx1),
H˜21(x, y) = [(x1 + y1)(X1 + y2)− q1](1 + βx2) + q1β(x1 + x2 + y1 + y2),
H˜1 = (x1 + y1)[(1 + βx1)(1 + βx2) + q1β
2],
H˜2 = (x1 + x2 + y1 + y2 + βx1x2 − βy1y2 + βq1)(1 + βx1),
H˜id = (1 + βx1)[(1 + βx1)(1 + βx2) + q1β
2].
Remark. One can show that
(π−w0)
(y)G˜w0(x, y) := G˜id(x, y) = β
n(n−1)
2 G˜w0
(
x, (β−1, β−1, . . . , β−1)
)
,
H˜
(β)
id (x, y) = G˜
(−β)
id (y, x).
Theorem 2. (Quantum Cauchy identity for Grothendieck polynomials).
∑
w∈Sn
H˜w(x,⊖z)Gww0(y, z) =
n−1∏
k=1
∆
(β)
k (yn−k | x1, . . . , xk), (11)
where ∆
(β)
k (t | x1, . . . , xk) = (1 + βt)
k∆k
(
t
1 + βt
| x1, . . . , xk
)
.
Proof follows from the classical Cauchy identity for Grothendieck polynomials (2),
Theorem 1 and (10).
Let us denote the product in the RHS(11) by G˜w0(x, y).
Corollary 2 (of Theorem 2).
• H˜w(x) = ψ
(y)
ww0G˜w0(x, y)|y=0,
• G˜w(x) = π
(y)
ww0G˜w0(x, y)|y=0,
• G˜w(x) =
∑
v∈Sn
η(πww0Gvw0(x))H˜v(x).
It seems interesting to study the properties of polynomials G˜w(x, y) = π
(y)
ww0G˜w0(x, y)
and H˜w(x, y) = ψ
(y)
ww0G˜w0(x, y).
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